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Abstract
We investigate the ground state energies of neutral pseudoscalar and vector meson in SU(3) lattice gauge 
theory in the strong abelian magnetic field. The energy of ρ0 meson with zero spin projection sz = 0 on 
the axis of the external magnetic field decreases, while the energies with non-zero spins sz = −1 and +1
increase with the field. The energy of π0 meson decreases as a function of the magnetic field. We calculate 
the magnetic polarizabilities of pseudoscalar and vector mesons for lattice volume 184. For ρ0 with spin 
|sz| = 1 and π0 meson the polarizabilities in the continuum limit have been evaluated. We do not observe 
any evidence in favour of tachyonic mode existence.
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Quantum Chromodynamics in abelian magnetic field of hadron scale is a rich area for explo-
ration. The investigation of strongly interacting quark–hadron matter in such field has a funda-
mental significance. Today it is possible to create a strong magnetic field of 15m2π ∼ 0.27 GeV2
[1] in terrestrial laboratories (ALICE, RHIC, NICA, FAIR) during non-central heavy ion col-
lisions. Our studies aim at revealing the effects that can appear in such experiments. The fun-
damental properties of particles related to their internal structure are also very important for 
understanding these effects.
Let us mention the most famous results concerning QCD physics in the strong magnetic 
fields. The asymmetry of emitted charged particles [2–4] in non-central collisions of gold ions 
at RHIC was explained by chiral magnetic effect [4–6]. Many phenomenological studies have 
been devoted to understanding of QCD phase diagram in the strong magnetic fields. Chiral 
perturbation theory predicts the decrease of the transition temperature from the confinement to 
deconfinement phase with increasing abelian magnetic field [7]. External magnetic fields also 
strengthen the chiral symmetry breaking [8–12]. It was shown in the framework of Nambu–Jona-
Lasinio model that QCD vacuum becomes a superconductor in sufficiently strong magnetic field 
(Bc = m2ρ/e  1016 Tl) along the direction of the magnetic field [13–17]. The transition to the su-
perconducting phase is accompanied by condensation of charged ρ mesons. The strong magnetic 
fields can also change the order of the phase transition from the confinement to deconfinement 
phase [18–22].
According to the calculations on the lattice with two types of valence quarks in QCD the 
critical temperature of the confinement–deconfinement phase transition slightly increases in the 
strong magnetic field [24]. Simulations in Nf = 2 + 1 theory with dynamical quarks showed 
that Tc decreases with increasing magnetic field [25]. This temperature behaviour was confirmed 
in [23] and now this effect is known as inverse magnetic catalysis. Lattice simulations with 
dynamical overlap fermions in two-flavour lattice QCD also showed the decrease of the critical 
temperature of the confinement–deconfinement transition when the field strength grows [26].
Numerical simulations in QCD with Nf = 2 and Nf = 2 +1 indicate that strongly interacting 
matter in a large magnetic field posses paramagnetic properties both in the confinement and 
deconfinement phases [27–29]. Equation of state of quark–gluon plasma was investigated in 
[30].
Here we continue our previous work where we studied light mesons in SU(2) lattice gauge 
theory [31]. We extend this analysis to the SU(3) lattice gauge theory which is more physical 
and calculate the ground state energies of light mesons depending on their spin as a function of 
the magnetic field value. Our previous results are in a qualitative agreement with the results of 
this work. We also calculate several hadron characteristics such as the magnetic polarizabilities 
of light neutral pseudoscalar and vector mesons. The magnetic polarizability is an important 
physical quantity which reveals the internal structure of a particle in the external magnetic field. 
We also made the extrapolation to the zero lattice spacing where it was possible. Our approach 
is numerically expensive so we do not take into account dynamical quarks.
Several articles are devoted to the study of meson masses in the strong magnetic field. The 
masses of ρ mesons have been calculated according to the relativistic quark–antiquark model 
in [32]. Lattice study with dynamical quarks [33] agrees with our data for eB < 1 GeV2. 
Phenomenological study was done in [34]. For the case of non-zero spin our results are in a 
qualitative agreement with the results of [32–34]. For the zero spin our data agree with these 
results only for small magnetic fields.
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For the generation of SU(3) gauge configurations the tadpole improved Lüscher–Weisz action 
was used
S = βimp
∑
pl
Spl − βimp20u20
∑
rt
Srt, (1)
where Spl,rt = (1/3) Tr(1 −Upl,rt) is the lattice plaquette (denoted as pl) or 1 ×2 rectangular loop 
(rt), u0 = (W1×1)1/4 = 〈(1/3) TrUpl〉1/4 is the tadpole factor, calculated at the zero temperature 
[35]. This action suppresses ultraviolet dislocations which lead to the appearance of non-physical 
near zero-modes of Wilson–Dirac operator.
Next, we solve Dirac equation numerically
Dψk = iλkψk, D = γ μ(∂μ − iAμ) (2)
and find eigenfunctions ψk and eigenvalues λk for a test quark in the external gauge field Aμ. 
We find eigenstates of Dirac operator to calculate the correlators. From the correlators we obtain 
ground state energies. For the calculation of the fermion spectrum we use the Neuberger over-
lap operator [36]. This operator allows to investigate the theory in the limit of massless quarks 
without chiral symmetry breaking and can be written in the following form
Dov = ρ
a
(
1 + DW/
√
D
†
WDW
)
. (3)
DW = M − ρ/a is the Wilson–Dirac operator with a negative value of ρ/a, a is the lattice 
spacing, M is the Wilson term. Fermion fields obey periodical boundary conditions in space and 
antiperiodic boundary conditions in time. The sign function
DW/
√
(DW)†DW = γ5 sign(HW), (4)
is calculated using the minmax polynomial approximation, where HW = γ5DW is hermitian 
Wilson–Dirac operator. We investigate the behaviour of the ground energy states of mesons in 
the background gauge field, which is a superposition of non-abelian SU(3) gluon field and U(1)
abelian uniform magnetic field. Abelian gauge fields interact only with quarks. In our calcula-
tions we have neglected the contribution of dynamical quarks. Therefore we add the magnetic 
field only to the overlap Dirac operator. For this reason we use the following ansatz:
Aμ ij → Aμ ij + ABμδij , (5)
where
ABμ(x) =
B
2
(x1δμ,2 − x2δμ,1). (6)
In order to make this substitution consistent with the fermion boundary conditions one should 
use the twisted boundary conditions [37]. Magnetic field is directed along z axis and its value is 
quantized
qB = 2πk
(aL)2
, k ∈ Z, (7)
where q = −1/3 e is the elementary quark charge.
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√
eBmin =
380 MeV for the 184 lattice volume and spacing a = 0.125 fm. We are far from saturation 
regime, where k/(L2) is not small because we use k between 0 and 32. For the inversion of 
overlap Dirac operator we use Gaussian source (with radius r = 1.0 in lattice units in space and 
time direction) and point receiver (the quark position smoothed with Gaussian profile).
Our simulations have been carried out on symmetrical lattices with the lattice volumes 164, 
204, lattice spacing 0.115 fm, 0.125 fm and lattice volume 184, a = 0.084 fm, 0.095 fm, 0.105 fm, 
0.115 fm, 0.125 fm. We use statistically independent configurations of gluon fields, ∼150 con-
figurations for the volume 164, ∼200 and ∼90 configurations for the lattice volumes 184 and 204
correspondingly. We consider various bare quark masses in the interval [0.01, 0.06].
3. Observables
We calculate the following observables in the coordinate space and background gauge field A
〈ψ†(x)O1ψ(x)ψ†(y)O2ψ(y)〉A, (8)
where O1, O2 = γ5, γμ are Dirac gamma matrices, μ, ν = 1, . . . , 4 are Lorenz indices, x =
(na, nta) and y = (n′a, n′t a) are the lattice coordinates. The spatial lattice coordinate n, n′ ∈
3 = {(n1, n2, n3)|ni = 0, 1, . . . , N − 1}, nt , n′t are the numbers of lattice sites in the time di-
rection. In the Euclidean space ψ† = ψ¯ . In order to find the observables (8) we calculate the 
quark propagators in coordinate space. For the M lowest eigenstates massive Dirac propagator 
is represented by the following sum
D−1(x, y) =
∑
k<M
ψk(x)ψ
†
k (y)
iλk + m . (9)
We use M = 50 lowest eigenstates. For the observables (8) the following equation is fulfilled
〈ψ¯O1ψψ¯O2ψ〉A = −Tr[O1D−1(x, y)O2D−1(y, x)]
+ Tr[O1D−1(x, x)]Tr[O2D−1(y, y)]. (10)
The first term in (10) is the connected part, the second term is the disconnected part. We have 
checked that in SU(3) theory without dynamical quarks the disconnected part contribution to 
correlators is zero. We perform Fourier transformation numerically
˜(p, t) = 1
N3/2
∑
n∈3
(n, nt )e
−ianp (11)
The momenta p has the components pi = 2πki/(aN), ki = −N/2 + 1, . . . , N/2. For particles 
with zero momentum their energy is equal to its mass E0 = m0. As we are interested in the 
meson ground state energy, we choose 〈p〉 = 0. To obtain the masses we expand the correlation 
function to the exponential series
C˜(nt ) = 〈ψ†(0, nt )O1ψ(0, nt )ψ†(0,0)O2ψ(0,0)〉A
=
∑
k
〈0|O1|k〉〈k|O†2 |0〉e−nt aEk , (12)
C˜(nt ) = A0e−nt aE0 + A1e−nt aE1 + · · · , (13)
A0, A1 are constants, E0 is the ground state energy, E1 is the energy of the first exited state, a is 
the lattice spacing. From expansion (13) one can see that for a large nt the main contribution to 
E.V. Luschevskaya et al. / Nuclear Physics B 898 (2015) 627–643 631Fig. 1. The energy of the ground state of the pseudoscalar neutral π0 meson obtained from the cosh fit to the correlator 
CPSPS as a function of the magnetic field. The data are shown for the bare quark mass mq = 34.26 MeV, lattice volumes 
164, 204, lattice spacings 0.115 fm and lattice volume 184, spacings 0.105 fm, 0.115 fm, 0.125 fm.
Fig. 2. The energy of the ρ0(sz = ±1) ground state obtained from the cosh fit to the correlator CVV depending on the 
magnetic field value. The data are shown for the bare quark mass mq = 34.26 MeV, lattice volumes 164, 204 lattice 
spacing 0.115 fm and lattice volume 184, lattice spacings 0.084 fm, 0.095 fm, 0.115 fm, 0.125 fm.
the correlator comes from the ground state and due to the periodic boundary conditions has the 
following form
C˜fit(nt ) = A0e−nt aE0 + A0e−(NT −nt )aE0
= 2A0e−NT aE0/2 cosh((NT2 − nt )aE0). (14)
The value of the ground state mass can be obtained by fitting the function (14) to the lattice 
correlator (12). In order to minimize the errors and exclude the contribution of the exited states 
we take the values of nt from the interval 6 ≤ nt ≤ NT − 6. Masses of the ρ meson is obtained 
from the correlator (8), where O1, O2 = γμ. If O1, O2 = γ5 we get the pseudoscalar π meson. 
In our calculations u and d quarks are mass degenerate.
632 E.V. Luschevskaya et al. / Nuclear Physics B 898 (2015) 627–643Fig. 3. The energy of the ρ0(sz = 0) ground state obtained from the cosh fit to the correlator CVV depending on the 
magnetic field value. The data are shown for the bare quark mass mq = 34.26 MeV, lattice volumes 164, 204 lattice 
spacing 0.115 fm and lattice volume 184, lattice spacings 0.084 fm, 0.095 fm, 0.115 fm, 0.125 fm.
Fig. 4. The energy of the ρ0 meson for the lattice spacing 0.125 fm, bare quark mass 34.26 MeV, lattice volumes 164
and 184 for various spin projections on the axis of the magnetic field. The data illustrate lattice volume effects.
4. The ground state energies of mesons in strong magnetic field
Fig. 1 shows the ground state energy of the neutral pion obtained from the correla-
tor CPSPS = 〈ψ¯(0, nt )γ5ψ(0, nt )ψ¯(0, 0)γ5ψ(0, 0)〉. On this plot we present the data for 
the bare quark mass mq = 34.26 MeV, lattice volumes 184, 164 and lattice spacings a =
0.105 fm, 0.115 fm, 0.125 fm. The π0 energy decreases for the all sets of lattice data and 
slightly depends on the lattice volume and lattice spacing at all values of magnetic field. At large 
physical volumes the lattice spacing and lattice volume effects are not significant. But for smaller 
volumes with an increase of the field the lattice effects become more strong, because the wave 
function of light pion becomes of the order of (or exceeds) the lattice size.
To obtain the energies of neutral vector mesons with various spin projections on the axis of the 
external magnetic field we use the combinations of the correlators in various spatial dimensions
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34.26 MeV for several values of the magnetic field.
Fig. 6. The correlator of vector currents along ‘z’ direction for non-zero magnetic field and averaged correlator over three 
spatial directions at eB = 0 for the lattice spacing 0.095 fm, lattice volume 184 and bare quark mass 34.26 MeV for 
several values of the magnetic field.
CVVxx = 〈ψ¯(0, nt )γ1ψ(0, nt )ψ¯(0,0)γ1ψ(0,0)〉, (15)
CVVyy = 〈ψ¯(0, nt )γ2ψ(0, nt )ψ¯(0,0)γ2ψ(0,0)〉, (16)
CVVzz = 〈ψ¯(0, nt )γ3ψ(0, nt )ψ¯(0,0)γ3ψ(0,0)〉. (17)
At non-zero magnetic field the mass of ρ0 meson with the spin projection sz = 0 is obtained 
from the CVVzz correlator. The combinations of correlators
CVV (sz = ±1) = CVVxx + CVVyy ± i(CVVxy − CVVyx ) (18)
give the ground state energies of meson with the spins sz = +1 and sz = −1.
Fig. 2 represents the energy of the ρ0 with non-zero spin projections on the axis of the external 
magnetic field. The energy increases with the field for the all sets of lattice data. At |eB| 
634 E.V. Luschevskaya et al. / Nuclear Physics B 898 (2015) 627–643Fig. 7. The combinations of correlators obtained from formula (18) corresponding to the energies of ρ meson with 
|sz| = 1 for the lattice spacing 0.095 fm, lattice volume 184 and bare quark mass 34.26 MeV for several values of the 
magnetic field.
Table 1
The values of ground state energy of the π0 meson, its errors and χ2/d.o.f. of cosh fit to 
the correlator of pseudoscalar currents for the bare quark mass mq = 34.26 MeV, lattice 
volume 184, lattice spacing a = 0.095 fm and several field values.
eB (GeV2) E (GeV) Error (GeV) χ2/d.o.f.
0 0.596 0.012 0.058
0.5 0.538 0.015 0.092
1.0 0.476 0.001 0.048
2.0 0.408 0.009 0.047
2.5 GeV2 the energy grows quadratically and at large magnetic fields it is increasing slower. The 
terms iCVVxy and iCVVyx in (18) are zero for the case of neutral particles, so the ρ0 masses with 
s = −1 and sz = +1 coincide. This is a manifestation of C-parity. We should note that simple 
estimates give the following values of magnetic fields corresponding to the lattice spacing cut-off: 
2.5 GeV2 for a = 0.125 fm, 2.9 GeV2 for lattice spacing a = 0.115 fm and eB ∼ 3.5 GeV2 for 
a = 0.105 fm etc.
In Fig. 3 we depict the ground state energy which we obtained from the correlator CVVzz for 
various lattice spacings and volumes. For the small magnetic fields this energy corresponds to 
the ρ0 meson with sz = 0. Also we find the real parts of the non-diagonal terms in correlation 
matrix equal to zero. At large magnetic fields one cannot neglect the mixing between ρ0(sz = 0)
and π0(s = 0) because of the large branching of the decay ρ0 → π0γ . In this work our main 
goal was to calculate the polarizabilities of ρ0, but not to distinguish ρ0 and π0, this may be a 
topic for the following work.
In Fig. 4 we show for comparison the energy of ρ0 meson at a = 0.125 fm for 164 and 184
lattices with various spins. This picture illustrates that the lattice volume effects are not large.
To discuss the quality of the fermion correlators we present the relative plots. In Fig. 5 the 
correlator of pseudoscalar currents is depicted for several values of the magnetic field for lattice 
volume 184 and lattice spacing 0.095 fm. The solid lines are the fits do these data by formula (14). 
The fits describe the data very well at nt  6. In Table 1 the values of π0 energy, its error and 
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The values of ground state energy of the ρ0 meson with spin projection s = 0 and 
χ2/d.o.f. of cosh fit for the bare quark mass mq = 34.26 MeV, lattice volume 184, lattice 
spacing a = 0.095 fm and several field values.
eB, (GeV2) E (GeV) Error (GeV) χ2/d.o.f.
0 1.179 0.008 0.174
0.5 0.870 0.016 0.209
1.0 0.618 0.010 0.081
2.0 0.439 0.007 0.027
Table 3
The values of ground state energy of the ρ0 meson with spin projections s = ±1 and 
χ2/d.o.f. of cosh fit for the bare quark mass mq = 34.26 MeV, lattice volume 184, lattice 
spacing a = 0.095 fm and several field values.
eB, (GeV2) E (GeV) Error (GeV) χ2/d.o.f.
0 1.179 0.008 0.174
0.5 1.210 0.011 0.227
1.0 1.294 0.018 0.503
2.0 1.495 0.035 1.145
χ2/d.o.f. of the fits are shown. In Fig. 6 we present the correlator of vector currents along the axis 
of the external magnetic field for non-zero eB . At zero magnetic field we average the correlator 
over x, y and z because they are equivalent, this diminishes the errors in the determination 
of ρ0 meson mass. Fig. 7 shows the combinations of correlators obtained from formula (18)
corresponding to the energies of ρ0 meson with |sz| = 1 for the lattice spacing 0.095 fm and 
lattice volume 184. The parameters of the fits are collected in Tables 2 and 3.
In Fig. 8 we show the ρ0 energy averaged over three spin components E(ρ0) = (E(ρ0sz=0) +
E(ρ0sz=−1) +E(ρ0sz=+1))/3 corresponding to the energy of unpolarized vector meson, we observe 
it is approximately a constant value. For the magnetic fields eB < 2.5 GeV2 the meson energy 
may deviates from a constant value because of the lattice spacing effects. With the diminishing 
of the lattice spacing the energy of unpolarized meson becomes closer to a constant value, so it 
confirms the supposition that a mixing between ρ0(sz = 0) and π0(s = 0) states may be weak at 
eB < 2.5 GeV2.
From the observation of constant energy of unpolarized meson and the behavior of non-zero 
spin components (Fig. 2) one can draw some conclusions that there is no tachyonic mode for the 
explored range of the magnetic fields, i.e. the energy of ρ0(s = 0) doesn’t turn to zero. We see 
the lattice volume effects are small and do not change this conclusion at large magnetic fields. 
The decrease of the energy may be compensated by higher powers of eB for its values larger 
than 1 GeV or so. These effects can be preventing, in particular, from energy turning to zero and 
possible emergence of tachyonic mode. The same will be true also for the energies of all spin 
states of charged ρ mesons [38]. Still, the case of neutral mesons demands further investigation 
and study of mixing and lattice spacing effects.
Therefore our calculations show that there is the splitting of ground state energy of neutral 
vector meson in a strong abelian magnetic field which represents an interesting physical effect.
636 E.V. Luschevskaya et al. / Nuclear Physics B 898 (2015) 627–643Fig. 8. The energy of the ground state of unpolarized vector neutral ρ0 meson obtained from the cosh fits to the correlators 
as a function of the magnetic field. The data are shown for lattice volumes 164, 204 lattice spacing 0.115 fm, lattice 
volume 184, lattice spacings 0.084 fm, 0.095 fm, 0.115 fm, 0.125 fm and the bare quark mass mq = 34.26 MeV.
Fig. 9. The energy of the ground state of π0 meson as a function of the squared magnetic field. The data are shown for 
the bare quark mass mq = 34.26 MeV, lattice volumes 164, 204, lattice spacing 0.115 fm and lattice volume 184, lattice 
spacings 0.095 fm, 0.105 fm, 0.115 fm, 0.125 fm.
5. Magnetic polarizabilities
The polarizability of meson is an important physical quantity for the understanding of its 
internal structure. The magnetic polarizability shows how the distribution of fermion currents 
responds to the external magnetic field. In this section we discuss the magnetic polarizabilities 
of pseudoscalar π0 and vector ρ0 mesons.
In Fig. 9 we show the ground state energy of pion as a function of squared magnetic field 
(eB)2 for the bare quark mass 34.26 MeV, various lattice volumes and spacings in a large scale 
at small magnetic fields. We fit the data at (eB)2 ∈ [0, 0.3 GeV4] by the function
E = E(B = 0) − 2πβm(eB)2, (19)
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various bare quark mass.
Fig. 11. The magnetic polarizability of pseudoscalar neutral meson π0 versus the bare lattice quark mass for lattice 
volume 184 and various lattice spacings.
where we use “natural” units h¯ = c = 1, but e2 = 1/137 in Gaussian units. E(B = 0) and βm are 
the parameters which we find from the fit. We choose this interval for the fit because the term 
∼ (eB)4 gives a small contribution to the pion energy at such magnetic fields.
The dashed–dotted line is for the lattice volume 184 and lattice spacing a = 0.095 fm, the 
solid lines corresponds to the lattice volumes 164, 204 and lattice spacing a = 0.115 fm, the 
dashed line is for 184 and a = 0.115 fm and dotted one corresponds to the case of a = 0.125 fm.
The polarizabilities obtained for various lattices are summarized in Table 4. We do not observe 
any functional dependence of the magnetic polarizability on the lattice spacing, the results are 
presented in Fig. 10. However there is a dependence of the magnetic polarizability on the quark 
mass. Fig. 11 shows that the value of the magnetic polarizability decreases with the quark mass. 
The magnetic polarizability (2.14 ± 1.22) · 10−4 fm3 calculated at the lowest quark mass mq =
17.13 MeV and lattice spacing a = 0.115 fm agrees with the prediction of the chiral perturbation 
theory (1.5 ± 0.3) · 10−4 fm3 [39]. The precise determination of β(π0) value requires a careful 
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The values of magnetic polarizability of the π0 meson for the various quark masses, lattice volumes 184 and 204 and 
various lattice spacings.
Vlatt mq (MeV) a (fm) βm (GeV−3) Error (GeV−3) χ2/d.o.f.
184 34.26 0.095 0.036 0.004 0.092
184 34.26 0.105 0.037 0.003 0.050
184 34.26 0.115 0.042 0.006 1.034
184 34.26 0.125 0.049 0.002 0.0131
184 25.70 0.115 0.036 0.005 1.105
184 17.13 0.115 0.028 0.016 1.552
204 34.26 0.115 0.046 0.006 2.502
Fig. 12. The ρ0 meson with the fits E = E0(B = 0) − 2πβ|s|=1m (eB)2 to the data on the interval eB ∈ [0, 1.8 GeV2]. All 
the fits correspond to the 184 lattice, the dashed–dotted is for the lattice spacing 0.084 fm, the solid line corresponds to 
the a = 0.095 fm, the dashed one is for the a = 0.115 fm and dotted line corresponds to the case of a = 0.125 fm.
study of its dependence on the quark mass, large statistics and lattice volumes and undoubtedly 
deserves an attention. At mq = 17.13 MeV the pion mass is still sufficiently high and equals to 
396 MeV.
In Fig. 12 in the large scale we depict the energy of the ρ0 ground state with non-zero spin 
depending on the magnetic field for the bare quark mass mq = 34.26 MeV, lattice volumes 164, 
184, 204 and various lattice spacings. To obtain the magnetic polarizability we fit our data to 
the function E = E(B = 0) − 2πβ |s|=1m (eB)2 at magnetic fields 0 ≤ eB < 1.8 GeV2, where 
the data are well described by quadratic law. E(B = 0) and β |s|=1m are the unknown parameters 
which were found from the fitting procedure. The values of β |s|=1m for the ρ0 meson with the spin 
|sz| = 1, the errors and lattice parameters are summarized in Table 5 and shown in Fig. 13.
We see the strong dependence of the results on the lattice spacing so we perform an extrap-
olation to the continuum limit. The extrapolation gives the polarizability value β |s|=1m (ρ0) =
(−0.0235 ± 0.0023) GeV−3 for the lattice volume 184 and bare quark mass mq = 34 MeV. The 
magnetic polarizability does not depend on the sign of the ρ0 spin projection, so it has a scalar 
nature.
In Fig. 14 the mass of ρ0 meson with zero spin is depicted for the small magnetic fields. 
We observe the linear in (eB)2 behaviour only for (eB)2 ∈ [0, 0.1 GeV4] and get the value 
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The values of magnetic polarizability of the vector ρ0 meson with non-zero spin for the bare quark mass mq =
34.26 MeV, lattice volume 184 and various lattice spacings. The last two rows correspond to the polarizability after 
the chiral extrapolation.
Vlatt a (fm) β
mq
m = 34 MeV (GeV−3) Error (GeV−3) χ2/d.o.f.
184 0.084 −0.0169 0.0012 1.235
184 0.095 −0.0158 0.0009 0.730
184 0.115 −0.0133 0.0008 0.754
184 0.125 −0.0135 0.0006 0.832
184 a = 0 extr. −0.0235 0.0023 0.561
βch.extrm (GeV−3)
184 0.115 −0.0138 0.0005 2.648
184 0.125 −0.0161 0.0025 23.862
Fig. 13. The magnetic polarizability of ρ0 meson and its extrapolation by a linear function to zero lattice spacing for the 
lattice volume 184 and bare quark mass mq = 34.26 MeV.
βs=0m (ρ0) = (0.47 ± 0.03) GeV−3 for the lattice 184 and spacing a = 0.125 fm. It is approx-
imately in 35 times larger and opposite in sign compared to the magnetic polarizability for 
non-zero spin case β |s|=1m (ρ0) = (−0.0135 ± 0.0006) GeV−3. Unfortunately we cannot consider 
smaller fields to study effects of lattice spacing.
From the sign of the magnetic polarizability we can conclude about the behaviour of the 
meson wave function depending on its spin and quantum numbers. Since β > 0 the magnetic 
field extends the wave function of ρ0 meson with zero spin. In the case of non-zero spin the 
magnetic field squeezes it and the magnetic polarizability has a negative value.
The small value of the magnetic polarizability is not surprising, because we have to apply a 
very strong magnetic field to observe the response of the internal structure of neutral mesons 
composed of charged quarks having spin.
640 E.V. Luschevskaya et al. / Nuclear Physics B 898 (2015) 627–643Fig. 14. The energy of the ground state of the vector ρ0 meson with sz = 0 depending on the squared magnetic field 
value. The data are shown for the bare quark mass mq = 34.26 MeV, lattice volumes 164, 204, lattice spacing 0.115 fm 
and lattice volume 184, lattice spacings 0.095 fm, 0.105 fm, 0.115 fm, 0.125 fm.
Fig. 15. The ground state energy of the neutral vector ρ meson spin |sz| = 1 for lattice volume 184, lattice spacing 
a = 0.115 fm, various quark masses and several values of magnetic fields. The extrapolation was done by the fit (20) to 
the chiral limit.
6. Quark mass extrapolations
In Fig. 15 we show the ρ0 meson with the spin |sz| = 1 as a function of quark mass for 
lattice volume 184, lattice spacing a = 0.115 fm and various magnetic fields. The mass of ρ0
meson was calculated for several mq values in the interval mqa ∈ [0.01, 0.06]. Calculations at 
small quark mass requires large statistics are computational expensive, so we carry out the chiral 
extrapolation. Then we perform a fit by a linear function
mρ = a0 + a1mq (20)
and find the coefficient a0 and a1 with errors by χ2 method. Then we extrapolate mρ(mq) to 
the limit of zero quark mass mq = 0, so-called chiral limit. The result of this extrapolation is 
presented in Fig. 16 for the lattice volume 184 and lattice spacings a = 0.115 fm, 0.125 fm.
E.V. Luschevskaya et al. / Nuclear Physics B 898 (2015) 627–643 641Fig. 16. The mass dependence of the neutral vector ρ0 meson with various spins on the value of external magnetic field 
for the lattice volume 184 and lattice spacings a = 0.115 fm, 0.125 fm after chiral extrapolation. The solid curve is for 
the fit to the data at 0.125 fm lattice spacing and the dashed curve corresponds to the data at 0.115 fm.
The masses of ρ0 with zero spin smoothly decrease with magnetic field while the energies 
with non-zero spin increase with the field value. In Table 5 in the last two rows we show the 
values of magnetic polarizability obtained from the fits to the data after the chiral extrapolation. 
The values of β |s|=1m after the extrapolation agree with the values of β |s|=1m obtained for the bare 
quark mass mq = 34 MeV within the errors for a = 0.115 fm. For a = 0.125 fm the agreement 
is not so good, because the extrapolation needs rich data.
7. Conclusions
In this work we explore the ground state energies of π0 and ρ0 mesons. The mass of pseu-
doscalar meson diminishes with the magnetic field value. We obtain the magnetic polarizability 
of π0 meson. For the smallest bare quark mass 17 MeV it equals to (0.028 ± 0.016) GeV−3 for 
the lattice spacing a = 0.115 fm and agrees with the prediction of chiral perturbation theory.
We observe the splitting of ground state energy of the neutral vector ρ meson depending on its 
spin projection on the axis of the external magnetic field. The energies of ρ0 with the spins sz =
+1 and sz = −1 coincide and increase with the magnetic field value. The magnetic polarizability 
at non-zero spin is equal to β |s|=1m (ρ0) = (−0.0235 ± 0.0023) GeV−3 after extrapolation to zero 
lattice spacing.
The energy of ρ0 with the spin sz = 0 decreases with the field value. The magnetic polariz-
ability at sz = 0 differs at least in sign from the case of non-zero spin |sz| = 1. We consider this 
phenomena to be the result of the anisotropy created by the magnetic field. The coincidence of 
vector meson energies with spins sz = +1 and sz = −1 is the consequence of C-parity.
We suppose the mixing between π0 and ρ0(s = 0) states is not strong at eB < 2 GeV2, this is 
the subject for the further detailed investigation.
We do not observe any evidence in favour of tachyonic mode existence.
Acknowledgements
The authors are grateful to FAIR-ITEP supercomputer center where these numerical calcula-
tions were performed. This work was carried out with the financial support of Grant of President 
642 E.V. Luschevskaya et al. / Nuclear Physics B 898 (2015) 627–643MK-6264.2014.2 and FAIR-Russia Research Centre. E.V. Luschevskaya is partially supported by 
RFBR grants 14-02-00395-a and 15-32-21117. O.T. is supported by RFBR grant 14-01-00647 
and in part by Heisenberg–Landau Program. O.S. is partially supported by Grant of President 
MD-3215.2014.2 and RFBR grant 15-02-07596, O.K. is partially supported by RFBR grant 
13-02-01387-a.
References
[1] V. Skokov, A. Illarionov, V. Toneev, Int. J. Mod. Phys. A 24 (2009) 5925, arXiv:0907.1396 [nucl-th].
[2] S.A. Voloshin, Phys. Rev. C 70 (2004) 057901, arXiv:hep-ph/0406311.
[3] S.A. Voloshin, arXiv:0806.0029 [nucl-ex];
H. Caines, arXiv:0906.0305 [nucl-ex].
[4] D.E. Kharzeev, L.D. McLerran, H.J. Warringa, Nucl. Phys. A 803 (2008) 227, arXiv:0711.0950;
K. Fukushima, D.E. Kharzeev, H.J. Warringa, Phys. Rev. D 78 (2008) 074033, arXiv:0808.3382;
H.J. Warringa, arXiv:0906.2803;
D.E. Kharzeev, arXiv:0906.2808;
D.E. Kharzeev, arXiv:0908.0314.
[5] P.V. Buividovich, M.N. Chernodub, E.V. Luschevskaya, M.I. Polikarpov, Phys. Rev. D 80 (2009) 054503, arXiv:
0907.0494 [hep-lat].
[6] P.V. Buividovich, M.N. Chernodub, E.V. Luschevskaya, M.I. Polikarpov, PoS LAT2009 (2009) 080, arXiv:
0910.4682 [hep-lat].
[7] N.O. Agasian, S.M. Fedorov, Phys. Lett. B 663 (2008) 445, arXiv:0803.3156 [hep-ph].
[8] V.P. Gusynin, V.A. Miransky, I.A. Shovkovy, Nucl. Phys. B 462 (1996) 249–290, arXiv:hep-ph/9509320.
[9] S.P. Klevansky, R.H. Lemmer, Phys. Rev. D 39 (1989) 3478.
[10] D. Ebert, K.G. Klimenko, M.A. Vdovichenko, A.S. Vshivtsev, Phys. Rev. D 61 (1999) 025005, arXiv:hep-ph/
9905253.
[11] E.S. Fraga, A.J. Mizher, Phys. Rev. D 78 (2008) 025016, arXiv:0804.1452;
E.S. Fraga, A.J. Mizher, Nucl. Phys. A 820 (2009) 103C, arXiv:0810.3693.
[12] A. Goyal, M. Dahiya, Phys. Rev. D 62 (2000) 025022, arXiv:hep-ph/9906367.
[13] M.N. Chernodub, Phys. Rev. D 82 (2010) 085011, arXiv:1008.1055 [hep-ph].
[14] M.N. Chernodub, J. Van Doorsselaere, H. Verschelde, AIP Conf. Proc. 1492 (2012) 281, arXiv:1208.6118 [hep-ph].
[15] M.N. Chernodub, J. Van Doorsselaere, H. Verschelde, Proc. Sci. QNP2012 (2012) 109, arXiv:1206.2845 [hep-ph].
[16] M.N. Chernodub, J. Van Doorsselaere, H. Verschelde, arXiv:1111.4401 [hep-ph].
[17] M.N. Chernodub, Phys. Rev. Lett. 106 (2011) 142003, arXiv:1101.0117v2 [hep-ph].
[18] E.S. Fraga, A.J. Mizher, Phys. Rev. D 78 (2008) 025016, arXiv:0804.1452;
E.S. Fraga, A.J. Mizher, Nucl. Phys. A 820 (2009) 103C, arXiv:0810.3693;
A.J. Mizher, M.N. Chernodub, E.S. Fraga, Phys. Rev. D 82 (2010) 105016.
[19] R. Gatto, M. Ruggieri, Phys. Rev. D 83 (2011) 034016, arXiv:1012.1291;
R. Gatto, M. Ruggieri, Phys. Rev. D 82 (2010) 054027, arXiv:1007.0790.
[20] K. Kashiwa, Phys. Rev. D 83 (2011) 117901, arXiv:1104.5167.
[21] S. Kanemura, H.-T. Sato, H. Tochimura, Nucl. Phys. B 517 (1998) 567–598, arXiv:hep-ph/9707285.
[22] K.G. Klimenko, Theor. Math. Phys. 90 (1992) 1–6.
[23] F. Bruckmann, G. Endrodi, T. Kovacs, J. High Energy Phys. 1304 (2013) 112, arXiv:1303.3972 [hep-lat].
[24] M. D’Elia, S. Mukherjee, F. Sanfilippo, Phys. Rev. D 82 (2010) 051501, arXiv:1005.5365v2 [hep-lat].
[25] G.S. Bali, F. Bruckman, G. Endrodi, Z. Fodor, S.D. Katz, S. Krieg, A. Schaefer, K.K. Szabo, J. High Energy Phys. 
1202 (2012) 044, arXiv:1111.4956 [hep-lat].
[26] V.G. Bornyakov, P.V. Buividovich, N. Cundy, O.A. Kochetkov, A. Schaefer, Phys. Rev. D 90 (2014) 034501, 
arXiv:1312.5628 [hep-lat].
[27] C. Bonatti, M. D’Elia, M. Mariti, F. Negro, F. Sanfilippo, PoS Lattice 2013 (2013), arXiv:1312.5070.
[28] C. Bonatti, M. D’Elia, M. Mariti, F. Negro, F. Sanfilippo, arXiv:1310.8656.
[29] G.S. Bali, F. Bruckman, G. Endrodi, A. Schaefer, PoS Lattice 2013 (2013), arXiv:1310.8145.
[30] L. Levkova, C. DeTar, arXiv:1309.1142 [hep-lat].
[31] E.V. Luschevskaya, O.V. Larina, Nucl. Phys. B 884 (2014) 1–16, arXiv:1203.5699 [hep-lat].
[32] M.A. Andreichikov, B.O. Kerbikov, V.D. Orlovsky, Yu.A. Simonov, arXiv:1304.2533 [hep-ph].
[33] Y. Hidaka, A. Yamamoto, Phys. Rev. D 87 (2013) 094502, arXiv:1209.0007 [hep-ph].
E.V. Luschevskaya et al. / Nuclear Physics B 898 (2015) 627–643 643[34] H. Liu, L. Yu, M. Huang, arXiv:1408.1318 [hep-ph].
[35] V.G. Bornyakov, E.-M. Ilgenfritz, M. Müller-Preussker, Phys. Rev. D 72 (2005) 054511, arXiv:hep-lat/0507021.
[36] H. Neuberger, Phys. Lett. B 417 (1998) 141, arXiv:hep-lat/9707022.
[37] M.H. Al-Hashimi, U.J. Wiese, Ann. Phys. 324 (2009) 343, arXiv:0807.0630 [quant-ph].
[38] E.V. Luschevskaya, O.A. Kochetkov, O.V. Larina, O.V. Teryaev, ρ mesons in strong abelian magnetic field in SU(3)
lattice gauge theory, arXiv:1411.0730 [hep-lat].
[39] J. Gasser, M.A. Ivanov, M.E. Sainio, Nucl. Phys. 728 (2005) 31.
